We show that an affine-invariant code C of length p m is not permutation equivalent to a cyclic code except in the obvious cases: m = 1 or C is either {0}, the repetition code or its dual.
Affine-invariant codes were firstly introduced by Kasami, Lin and Peterson [KLP2] as a generalization of Reed-Muller codes. This class of codes has received the attention of several authors because of its good algebraic and decoding properties [D, BCh, ChL, Ho, Hu] . It is well known that every affine-invariant code can be seen as an ideal of the group algebra of an elementary abelian group in which the group is identified with the standard base of the ambient space. In particular, if C is a code of prime length then C is permutation equivalent to a cyclic code. Other obvious affine-invariant cyclic codes are the trivial code, {0}, the repetition code and the code form by all the even-like words, provided its length is a prime power. In this paper we prove that these are the only affine-invariant codes which are permutation equivalent to a cyclic code.
Our main tools are an intrinsical characterization of group codes obtained in [BRS] and a description of the group of permutation automorphisms of nontrivial affine-invariant codes given in [BCh] . These results are reviewed in Section 1, where we also recall the definition and main properties of affine-invariant codes. In Section 2 we prove the main result of the paper.
Preliminaries
In this section we recall the definition of (left) group code and the intrinsical characterization given in [BRS] . We also recall the definition of affine-invariant code and the description of its group of permutation automorphisms given in [BCh] .
All throughout F is a field of order a power of p, where p is a prime number. The finite field with p s elements is denoted by F p s . For a group G, we denote by FG the group ring of G with coefficients in F. All the group theoretical notions used in this paper can be easily founded in [R] .
Definition 1. If E is the standard basis of F n , C ⊆ F n is a linear code and G is a group (of order n) then we say that C is a G-code if there is a bijection φ : E → G such that the linear extension of φ to an isomorphism φ : F n → FG maps C to an ideal of FG.
A group code is a linear code which is a G-code for some group G. A cyclic group code (respectively, abelian group code, solvable group code, etc) is a linear code which is G-code for some cyclic group G (respectively, abelian group, solvable group, etc).
Let S n denote the group of permutations of n symbols. Every σ ∈ S n defines an automorphism of F n in the obvious way, i.e. σ(x 1 , . . . , x n ) = (x σ −1 (1) , . . . , x σ −1 (n) ). By definition, the group of permutation automorphisms of a linear code C of length n is PAut(C) = {σ ∈ S n : σ(C) = C}.
An intrinsical characterization of group codes C in terms of PAut(C) has been obtained in [BRS] . Four our purposes we only need to consider abelian groups. So we record in the following theorem the specialization of [BRS, Theorem 1.2] to abelian groups.
Theorem 1.
[BRS] Let C be a linear code of length n over a field F and G a finite abelian group of order n. Then C is a G-code if and only if G is isomorphic to a transitive subgroup H of S n .
In the remainder of the paper we assume that I = F p m . Often we will be only using the underlying additive structure of I; for example, FI is the group algebra of this additive group with coefficients in Observe that if F p m is identified with FI via some bijection from {1, . . . , p m } to I, then the linear codes of length p m correspond to subspaces of FI in such a way that the groups of permutations automorphisms agree. Therefore if C is a subspace of FI and G is a group then C is a left G-code if and only if PAut(C) contains a regular subgroup H of S(I) isomorphic to G and it is a G-code if H can be selected such that C S(I) (H) ⊆ PAut(C).
Affine-invariant codes can be seen as extended cyclic codes. Recall that a cyclic code C of length n over F is a subspace of F n which is closed under cyclic permutations, that is if (x 1 , x 2 , . . . , x n−1 , x n ) is an element of C then so is (x n , x 1 , x 2 , . . . , x n−1 ). Cyclic codes are cyclic group codes via the bijection φ : E → G given by φ(e i ) = g i−1 , where E = {e 1 , . . . , e n } is the standard basis of F n and G is a cyclic group of order n generated by g. Conversely, any ideal of the group algebra FG, with G a cyclic group of order n can be seen as a cyclic code with a suitable identification of the elements of G with the coordinates.
The zeroes of a cyclic code C of length n are the n-th roots of unity α such that x 0 + x 1 α + x 2 α 2 + · · · + x n−1 α n−1 = 0, for every (x 0 , x 1 , . . . , x n−1 ) ∈ C.
